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Abstract. We study inverse spectral problems for ordinary differential equations with regu¬ 
lar singularities on compact star-type graphs when differential equations have different orders on 
diferent edges. As the main spectral characteristics we introduce and study the so-called Weyl- 
type matrices which are generalizations of the Weyl function for the classical Sturm-Liouville 
operator. We provide a procedure for constructing the solution of the inverse problem and prove 
its uniqueness. 
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1. Introduction. We study inverse spectral problems for variable order differential 
equations with regular singularities on compact star-type graphs. More precisely, differential 
equations have different orders on diferent edges. Boundary value problems on graphs (spa¬ 
tial networks, trees) often appear in natural sciences and engineering (see [1-4]). Differential 
equations of variable orders on graphs arise in various problems in mathematics as well as in 
applications. In particular, we mention transverse oscillation problems for such structures as 
cable-stayed bridges, masts with cable supports and others. 

Inverse spectral problems consist in recovering operators from their spectral characteristics. 
We pay attention to the most important nonlinear inverse problems of recovering coefficients of 
differential equations (potentials) provided that the structure of the graph is known a priori. 

For second-order differential operators on compact graphs inverse spectral problems have 
been studied fairly completely in [5-10] and other works. Inverse problems for higher-order 
differential operators on graphs were investigated in [11-12]. We note that inverse spectral 
problems for second-order and for higher-order ordinary differential operators on an interval 
have been studied by many authors (see the monographs [13-18] and the references therein). 
Arbitrary order differential operators on an interval with regular singularities were considered in 
[19-22]. Variable order differential operators without singularities were investigated in [23-24]. 
Variable order differential operators on graphs with regular singularities have not been studied 
yet. 

In this paper we study the inverse spectral problem for variable order differential operators 
with regular singularities on compact star-type graphs. As the main spectral characteristics in 
this paper we introduce and study the so-called Weyl-type matrices which are generalizations of 
the Weyl function (m-function) for the classical Sturm-Liouville operator (see [25]), of the Weyl 
matrix for higher-order differential operators on an interval introduced in [17-18], and general¬ 
izations of the Weyl-type matrices for higher-order differential operators on graphs (see [11-12]). 
We show that the specification of the Weyl-type matrices uniquely determines the coefficients of 
the differential equation on the graph, and we provide a constructive procedure for the solution 
of the inverse problem from the given Weyl-type matrices. For studying this inverse problem we 
develope the method of spectral mappings [17-18]. We also essentially use ideas from [19] on dif¬ 
ferential equations with regular singularities. The obtained results are natural generalizations of 
the well-known results on inverse problems for differential operators on an interval and on graphs. 

2. Weyl-type matrices. Consider a compact star-type graph T in R‘^ with the set 
of vertices V = {uq, • • • , Vp} and the set of edges £ = {ci,..., e^}, where Ui,..., Up are the 
boundary vertices, Vq is the internal vertex, and ej = [vj, Uq], ei Cl... Cl = {uq} . Let Ij be 
the length of the edge ej . Fach edge Cj & £ is parameterized by the parameter xj G [0, Ij] 
such that Xj = 0 corresponds to the boundary vertices vi,... ,Vp , and xj = Ij corresponds to 
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the internal vertex vq . An integrable function F on T may be represented as F = {yjjj^Yp ) 
where the function yj(xj) is dehned on the edge ej . 

Let rij , j = l,p, be positive integers such that ni > n2 > ■ ■ ■ > Up > 2. Consider the 
differential equations on T : 


y 


K), 


X 


/i=0 




+ (lMi.Xj))yf\xj) = \yj{xj), Xj e (0, Ij), j = l,p, 


X, 




( 1 ) 


where A is the spectral parameter, q^j{xj) are complex-valued integrable functions. We call 
~ potential on the edge ej , and we call q = {qj}j=j^ the potential on the 

graph T. Let {^kj}k=T^ be the roots of the characteristic polynomial 


rij p-1 

^ ^ ('C ^nj,j ■ 1) — ■ 0- 

/i=0 A:=0 

For dehniteness, we assume that ^kj — ^mj 7^ srij, s G Z, Re^ij < ... < Re j, ikj 7^ 0, rij — 3 
(other cases require minor modihcations). We set 9j := Uj — 1 — Re ~ and assume 

that the functions q^^j{xj), z/ = 0,/i —1, are absolutely continuous, and q^^^ {xj)xj ^ L(^^lj). 

Fix j = l,p. Let A = p^\ Ekj = exp{2nik/rij), k = 0,nj — 1. It is known that the pj - 
plane can be partitioned into sectors Sj^ of angle ^ ^ arg pj G (j^, j, C = ~ 1 j 

in which the roots Rji, Rj 2 , ■ ■ ■, Rj,n of the equation —1 = 0 can be numbered in such a 
way that 

Re(^PjRj\) Re(^pjRj2) ^ ^ Rei^pjRj^^j)^ Pj ^ (^) 

Clearly, Rjk = , where pji,... ,pj^nj is a permutation of the numbers 0,1,..., — 1, 

depending on the sector. Let us agree that 


Pj = exp(/i(ln \pj\ + i arg pj)), arg pj G (-tt, tt], = exp(27ri/i?7jfc/nj). 


Let the numbers Ckjo, k = l,nj, be such that 

_i 

Yl Ckjo = ( det [Cki\u=T:^) ■ 

k=l 

Then the functions 

OO _l 

Ckji^XjjX) Xj ^ ^ C^kj fi^PjX j) ^ , ^kjfi ^kjO ^ , 

^=0 s=l 


are solutions of the differential equation in the case when q^j{xj) =0, p = 0,nj — 2. More¬ 
over, det[Cl''~^\xj,X)]i,„^jj- = 1. Denote p* = max(2nj max lk,„||f.rn./p)■ In [19] we 

j=l,p V fi=0^nj—2 / 

constructed special fundamental systems of solutions {Skj{xj, X)}k=T-;j- and {Ekj{xj, pj)}k=T-^ 
of equation (1) on the edge ej , possessing the following properties. 

1) For each Xj G (0,/j], the functions Sl^j^{xj,X), v = 0,nj — 1, are entire in A. For each 
hxed A, and —)■ 0, 

Skj{xj, A) ~ Ckjoxf\ {Skj{xj, X) - Ckj{xj, X))xJ^'‘^ = o{xf^’' 

Moreover, detfS*^^ ^\xj, X)]k^^=T-^ = 1, and \sl^j^{xj, X)\ < C\x^'°^ ^|, \pj\xj < 1. Here and 
below, we shall denote by the same symbol C various positive constants in the estimates 
independent of A and Xj . 
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2) For each xj > 0 and for each sector Sj^ with property (2), the functions {xj, pj), 

V = 0,nj —1, are regular with respect to pj G \pj\ > p* , and continuous for pj G 

Sj^, \pj\ > P* • Moreover, 

Pj)iPjRjk)~'' exp{-pjRjkXj) - 1| < C{\pj\xj), pj G \pj\xj > 1. 

3) The relation 

rij 

^kjip^ji Pj) ^ ^ ^kjfj, {Pj ) {Xji A), (3) 

holds, where 

Kj ^ 0’ Pi ^ Pi ^ (4) 

_i 

n ^li = ( det [Rf^ ] , 

Ai=l 

where [1] = 1 + 0{p~^). 

Note that the asymptotical formula (4) is the most important and nontrivial property of these 
solutions. This property allows one to study both direct and inverse problems for arbitrary order 
differential operators with regular singularities (see [20-22]). 

Consider the linear forms 


UjAVj) = j = ^,P, i^ = 0,nj-l, 

/.t=0 

where are complex numbers, y^v := Ijuu 7^ 0. The linear forms f/jv will be used in match¬ 
ing conditions at the internal vertex uq foi' boundary value problems and for the correspondung 
special solutions of equation (1). 

Denote (n) := (|n| -|-n)/2, i.e. {n) = n for n > 0, and (n) = 0 for n < 0. Fix 
s = l,p, k = 1, Us — 1. Let = {'ipskj}j=T^ be solutions of equation (1) on the graph T 
under the boundary conditions 

^sks{Xs, A) ~ Xs 0, (5) 

iJskjixj, A) = Xj ^0, j = TTp, j ^ s, (6) 

and the matching conditions at the vertex vo : 


Uiui'ipski) = Uju{'ipskj), j = ‘^,P, Z/ = 0, /c - 1, Uj > P + 1, (7) 

p 

Uj^{^|Jskj) = 0 , iy = k,ns-l. ( 8 ) 

j=l,nj >u 

In particular, if rtj > k, then condition (6) takes the form 

ipskjixj, A) = Xj ^0, j = ITp, j ^ s, 

and if Uj < k, then condition (6) takes the form 

i^skjixj, A) = 0{xf^), Xj ^0, j = TTp, j ^ s. 

Matching conditions (7)-(8) are generalizations of classical matching conditions for higher-order 
differential operators on graphs, and matching conditions for variable order differential operators 
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on graphs [23-24], The function is called the Weyl-type solution of order k with respect 
to the boundary vertex Vg . Dehne additionally 'ipsnsixg, A) := Sns{xs, A). 

Using the fundamental system of solutions {Sfj,j{xj, A)} on the edge ej , one can write 

Uj 

'4^skj{Xji A) ^ -^skj S, A), j k \^Tls Ij (9) 

^l=l 

where the coefficients Mskjfj.{^) do not depend on Xj. It follows from (9) and the boundary 
condition (5) for the Weyl-type solutions that 

ris 

A) Sksi^Xg, ^ ^ Sfj^si^Xg, , XIgk^{X^ . Mgkg^i^X). (19) 

/i=fc+l 

We introduce the matrices Mg{X), s = l,p, as follows: 

Mg{X) = M,fc^(A) := for k>y. 

The matrix Mg{X) is called the Weyl-type matrix with respect to the boundary vertex Vg . The 
inverse problem is formulated as follows. Fix w = 2, p. 

Inverse problem 1. Given {Ms(A)}, s = l,p\w , construct q on T. 

We note that the notion of the Weyl-type matrices Mg is a generalization of the notion 
of the Weyl function (m-function) for the classical Sturm-Liouville operator ([15, 25]) and is a 
generalization of the notion of Weyl matrices introduced in [11, 12, 17, 18, 20] for higher-order 
differential operators on an interval and on graphs. Thus, Inverse Problem 1 is a generalization 
of the well-known inverse problems for differential operators on an interval and on graphs. 

We also note that in Inverse problem 1 we do not need to specify all matrices Ms{X), 
s = l,p ] one of them can be omitted. This last fact was hrst noticed in [6], where the inverse 
problem was solved for the Sturm-Liouville operators on an arbitrary tree. 

In section 3 properties of the Weyl-type solutions and the Weyl-type matrices are studied. 
Section 4 is devoted to the solution of auxiliary inverse problems of recovering the potential on 
a hxed edge. In section 5 we study Inverse Problem 1. For this inverse problem we provide a 
constructive procedure for the solution and prove its uniqueness. 


3. Properties of spectral characteristics. Fix s = l,p, k = l,ng — 1. Substituting (9) 
into boundary and matching conditions (5)-(8), we obtain a linear algebraic system with respect 
to Mgkjii{X). Solving this system by Cramer’s rule one gets Mgkj^{X) = Asfcj^(A)/Asfc(A), 
where the functions Ag^jn^X) and Asfc(A) are entire in A. Thus, the functions Mgkj^{X) are 
meromorphic in A, and consequently, the Weyl-type solutions and the Weyl-type matrices are 
meromorphic in A. In particular. 


Mgkfj,{X) 


Asfc^ (A) 
Agk{X) 


k < p, 


where Agk^{X) := Agkgft^X). We note that the function Agk{X) is the characteristic function 
for the boundary value problem Lgk for equation (1) under the conditions 


Vsixg) = 0{x 


^k+1,3 \ 


Xg -)■ 0, 


yj(xj) = 0{x 


^{■nj-k-l)+2,j 

j 


, Xj 0, j 


1,P, j ^ 


Uiuivi) = Uj^{yj), j = 2,p, u = 0,k-l, rij > u + 1, 
p 

Ujuiyj) = 0, u = k,ng-l. 

jf=l, nj>u 



5 


Zeros of Asfc(A) coincide with the eigenvalues of Lgk- Denote 

Djfc = ^jo = 1, ^jk '■= , k = l,nj. 

^jk 

Lemma 1. Fix j = l,p, and fix a sector Sj^ with property (2). 

1) Let k = l,nj — 1, and let yfixj^X) he a solution of equation (1) on the edge Cj under 


the condition 

yj{xj. A) = 0{xY'^), Xj 0. 

(10) 

Then for Xj G (0,/j], 

u = 0,nj — 1, Pj G Sj^, \pj\ —)■ oo. 



rij 

y^''\xj,X)= Y ^miPj)iPjRjuy 

(11) 


fL=k+l 


where the coefficients do not depend on Xj . Here and below we assume that aigpj = 

const, when \pj \ —)■ oo. 

2) Let k = l,nj, and let yj{xj,\) be a solution of equation (1) on the edge Cj under the 
condition 

yfixj, A) ~ Ckjoxffi Xj -)■ 0. (12) 

Then for xj G (0,/j], n = 0,nj — 1, pj G Sj^, \pj\ —)■ oo, 



^{pjRjkTexp{pjRjkXj)[l] + Bf,j{pj){pjRji,fi exp{pjRji,Xj)[l], 

Pj /j,=fc+i 


(13) 


where the coefficients Bfj,j{pj) do not depend on Xj . 

Proof. It follows from (10) that 

Uj 

yj{xj,X) ^ ^ Oj^j{X)S^j{xj, X). 

^=k-\-l 

Using the fundamental system of solutions {Ekj{xj, , one can write 

rij 

Vj ixj 1 ~ ^ ^ {Pj ) Emj {Xj, Pj)- 

m=l 


(14) 


(15) 


By virtue of (3), we calculate 

rij rij rij nj 

VjiyXj, A) — 'y ^ A^j[pj) y ^ bmjij,{pj)Snj{xj, A) — y ^ S^j{xj, A) y ^ A^j[pj)bmjfi{pj)■ 

m=l fi=l fj.=l m=l 

Comparing this relation with (14), we obtain 

Uj 

y ^ A,Yiji,Pj)bmjiMi,Pj) 0) P \,k. (16) 

m=l 

We consider (16) as a linear algebraic system with respect to Aj{pj), A 2 j{pj),..., Akj{pj). Solv¬ 
ing this system by Cramer’s rule and taking (4) into account we get 

Uj 

^mjiPj) = y ^ {oimfij + 0{Pj ))A^j(pj), m = l,k, 

}i=k-\-l 


( 17 ) 
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where am^j are constants. Substituting (17) into (15) and using (2) we arrive at (11). Relations 
(13) are proved analogously by using (12) instead of (10). □ 

Now we are going to study the asymptotic behavior of the Weyl-type solutions. 

Lemma 2. Fix s = l,p, k = l,ns, and fix a sector Ss^ with property (2). For Xg G 
( 0 , Is), v = 0 , Us — 1 , the following asymptotic formula holds 

^ {psRsk)’' ew{PsRskXs)[l], Ps e Ss^, |ps| -)■ oo. (18) 

Ps " 

Proof. For k = Ug , (18) follows from Lemma 1. Fix s = l,p, k = l,ng — 1. Using Lemma 
1 and boundary conditions for we get the following asymptotic formulae for |A| —)■ oo, 
inside the corresponding sectors: 


figll{xg,X) = (pgRgk)’' exp{pgRgkXg)[l] + ^ Affipg){pgRg^)‘' exp{pgRgf,Xg)[l], Xg G 

" M=fc+i 


^) = ^fAPj)iPj^juT exp(pjRj^a;j)[l], j = l,p\s, Xj G (0, Ifi. 


(0,41, 

(19) 

( 20 ) 


Substituting (19)-(20) into matching conditions (7)-(8) for , we obtain the linear algebraic 
system with respect to A^^-{pj). Solving this system by Cramer’s rule, we obtain in particular, 


A%(Pi) = 0(pP*’ exp(p,(fl,s - R,„)l,)). 


( 21 ) 


Substituting (21) into (19) we arrive at (18). □ 

It follows from the proof of Lemma 2 that one can also get the asymptotics for A), 

j s ] but for our purposes only (18) is needed. 


4. Auxiliary inverse problems. In this section we consider auxiliary inverse problems 
of recovering differential operator on each fixed edge. Fix s = l,p, and consider the following 
auxiliary inverse problem on the edge e* . 

IP(s). Given the matrix Mg , construct the potential Qg on the edge Cg . 

In this inverse problem we construct the potential only on the edge Cg , but the Weyl-type 
matrix Mg brings a global information from the whole graph. In other words, this problem is 
not a local inverse problem related only to the edge Cg . 

Theorem 1. Fix s = l,p. The specification of the Weyl-type matrix Mg uniquely deter¬ 
mines the potential Qg on the edge Cg . 

We omit the proof since it is similar to that in [18, Ch.2]. Moreover, using the method of 
spectral mappings and the asymptotics (18) for the Weyl-type solutions, one can get a construc¬ 
tive procedure for the solution of the inverse problem IP{s) . It can be obtained by the same 
arguments as for n -th order differential operators on a hnite interval (see [18, Ch.2] for details). 
Note that like in [18], the nonlinear inverse problem IP{s) is reduced to the solution of a linear 
equation in the corresponding Banach space of sequences. 

Fix j = l,p. Let pjk{xj,X), k = l,nj, be solutions of equation (1) on the edge Cj under 
the conditions 

X) = Sku, V =l,k, (pkj{xj. A) = Xj 0. 

We introduce the matrix rnj{X) = [mjku{X)]k^,y=i-^^, where mjkfiX) '■= ^\^jjX). The matrix 

mfiX) is called the Weyl-type matrix with respect to the internal vertex uq and the edge Cj . 

IP[j]- Given the matrix mj , construct qj on the edge ej . 
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This inverse problem is the classical one, since it is the inverse problem of recovering a higher- 
order differential equation on a finite interval from its Weyl-type matrix. This inverse problem 
has been solved in [18], where the uniqueness theorem for this inverse problem is proved. More¬ 
over, in [18] an algorithm for the solution of the inverse problem IP[j] is given, and necessary 
and sufficient conditions for the solvability of this inverse problem are provided. 


5. Solution of Inverse Problem 1. In this section we obtain a constructive procedure for 
the solution of Inverse problem 1 and prove its uniqueness. First we prove an auxiliary assertion. 
Lemma 3. Fix j = l,p. Then for each fixed s = l,p \ j, 


nijifiX) 


X) 


z/ = 2, Uj, 


( 22 ) 




A),..., ^)]m=TT 




Proof. Denote 


Wjs{Xj,X) 


A) 


2 < k < u < Uj. 


(23) 


The function Wjs{xj,X) is a solution of equation (1) on the edge ej , and Wjs{lj,X) = 1. 

Moreover, by virtue of the boundary conditions on , one has Wjs{xj, A) = O^x”'^’^), Xj —)■ 0. 
Hence, Wjs{xj, X) = (pij{xj, X), i.e. 


(pij{xj,X) 


'fisijjxj, A) 
fi'sij ifj 1 A) 


(24) 


Similarly, we calculate 


Tkj {xj , A) 






k = 2, Uj — 1. 


(25) 


Since mjku{,X) = ^^(/j,A), it follows from (24) that (22) holds. Similarly, (23) follows from 

(25). □ 

Now we are going to obtain a constructive procedure for the solution of Inverse problem 1. 
Our plan is the following. 

Step 1. Let the Weyl-type matrices {M 5 (A)}, s = l,p\w , he given. Solving the inverse 
problem IP{s) for each fixed s = l,p\w, we find the potentials qs on the edges Cg , s = 
l,p\w . 

Step 2. Using the knowledge of the potential on the edges e* , s = l,p \ tc , we construct 
the Weyl-type matrix m^(A) . 

Step 3. Solving the inverse problem IP[w\ , we find the potential on e^ . 

Steps 1 and 3 have been already studied in Section 3. It remains to fulfil Step 2. For this 
purpose it is convenient to divide differential equations into m groups with equal orders. More 
precisely, let Ui > U 2 > ... > Um > ca^+i = 1, np._^+i = ... = Up. := Uj, j = l,m, 

h = po < Pi < ■ ■ ■ < Pm = P- Take N such that pn = w. 

Suppose that Step 1 is already made, and we found the potentials g* , s = l,p\pN , on 
the edges , s = l,p \ pn ■ Then we calculate the functions Skj{xj,X), j = l,p\pN', here 
k = l,Ui for j = Pi-i + I, Pi. _ 

Fix s = l,pi (if iV > 1), and s = l,pi — 1 (if iV = 1 ). All calculations below will be 
made for this fixed s. Our goal now is to construct the Weyl-type matrix mp^{X). According 
to (22)-(23), in order to construct mp^{X) we have to calculate the functions 




(26) 



We will find the functions (26) by the following steps. 

1) Using (10) we construct the functions 

A), /c = 1, Wat - 1, z/ = 0, Wi - 1, (27) 

by the formula 

A) = A) + ^ A). (28) 

2) Consider a part of the matching conditions (7) on . More precisely, let ^ = N,m, k = 
u^+i,u^ — 1, I = ^,171, j = l,pi — 1. Then, in particular, (7) yields 

Upi^uipPskpi) Uji,{ppskj)i ^ ^i+i 1, min(/u l,wz 2). (29) 

Since the functions (27) are known, it follows from (29) that one can calculate the functions 

A), { = /V, m, W 5 + 1 ,W£ - 1, / = m, i = l,Pi, i' = Wi+i - l,min(*: - l.w, - 2). 

_ (30) 

In particular we found the functions (26) for z/ = 0, /c — 1. 

3) It follows from (9) and the boundary conditions on that 

E aw(a)c;j>(/„a), (31) 

/i=max(cj^—fc+1) 

k = I = l,m, j = pi-i + l,pi\s, u = 0,ui- 1. 

We consider only a part of relations (31). More precisely, let ^ = N,m, k = u^+i,u^ — 1, I = 
l,m, j = pi_i + l,pi, j ^ Pn, j s, v = 0,mm{k 2). Then 

Mskjp{\)Cl^-{lj, A) = 'ipikjilj, A), 1^ = 0, mm{k -l,ui-2). (32) 

/i=max(cj^—fc+1) 

For this choice of parameters, the right-hand side in (32) are known, since the functions (30) 
are known. Relations (32) form a linear algebraic system askj with respect to the coefficients 
MskjpW- Solving the system askj by Cramer’s rule we hnd the functions MgkjpW- Substi¬ 
tuting them into (31), we calculate the functions 

^lfcj(^iiA), /c = l,a;Ar - 1, / = l,m, j = p)_i-M,pz \pAr, z/= 0,0;; - 1. (33) 

Note that for j = s these functions were found earlier. 

4) Let us now use the generalized Kirchhoff’sconditions (8) for '^sk ■ Since the functions 
(33) are known, one can construct by (8) the functions (26) for k = l,a;Ar — 1, z/ = k^UN — 1- 
Thus, the functions (26) are known for k = l,a;Ar — 1, z/ = 0,a;Ar — 1. 

Since the functions (26) are known, we construct the Weyl-type matrix mp^(A) via (22)-(23) 
for j = Pn- Thus, we have obtained the solution of Inverse problem 1 and proved its uniqueness, 
i.e. the following assertion holds. 

Theorem 2. The specification of the Weyl-type matrices Ms{X), s = l,p\pN , uniquely 
determines the potential q on T. The solution of Inverse problem 1 can he obtained by the 
following algorithm. 

Algorithm 1. Given the Weyl-type matrices Ms{\), s = l,p\pAr . 

1) Find qs , s = l,p\p 7 v ? by solving the inverse problem IP{s) for each fixed s = l,p\pAr . 

2) Calculate j = l,p\pN ; here k = l,a;i, z/ = 0,0;* — 1 for j = p*_i -f l,p*. 
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3) Fix s = l,pi (if N > 1 ), and s = l,pi — 1 (if N = 1 ). All calculations below will he 
made for this fixed s. Construct the functions (27) via (28). 

4) Calculate the functions (30) using (29). 

5) Find the functions Mskjfj,{\), by solving the linear algebraic systems agkj ■ 

6) Construct the functions (26) using (8). 

7) Calculate the Weyl-type matrix mp^{\) via (22)-(23) for j = Pn ■ 

8) Construct the potential qp^ on the edge Cp^ by solving the inverse problem IP[j] for 
j =Pn ■ 
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istry of Education and Science and by Grant 13-01-00134 of Russian Foundation for Basic Re¬ 
search. 


REFERENCES 

[1] J. Langese, G. Leugering and J. Schmidt. Modelling, analysis and control of dynamic 
elastic multi-link structures. Birkhauser, Boston, 1994. 

[2] T. Kottos and U. Smilansky. Quantum chaos on graphs. Phys. Rev. Lett. 79 (1997), 
4794-4797. 

[3] P. Kuchment. Quantum graphs. Some basic structures. Waves Random Media 14 (2004), 
S107-S128. 

[4] Yu. Pokornyi and A. Borovskikh. Differential equations on networks (geometric graphs). 
J. Math. Sci. (N.Y.) 119, no.6 (2004), 691-718. 

[5] M.I. Belishev. Boundary spectral inverse problem on a class of graphs (trees) by the BG 
method. Inverse Problems 20 (2004), 647-672. 

[6] V.A. Yurko. Inverse spectral problems for Sturm-Liouville operators on graphs. Inverse 
Problems 21 (2005), 1075-1086. 

[7] B.M. Brown and R. Weikard. A Borg-Levinson theorem for trees. Proc. R. Soc. Bond. 
Ser. A Math. Phys. Eng. Sci. 461, no.2062 (2005), 3231-3243. 

[8] V.A. Yurko. Inverse problems for Sturm-Liouville operators on bush-type graphs. Inverse 
Problems 25, no.lO (2009), 105008, 14pp. 

[9] V.A. Yurko. An inverse problem for Sturm-Liouville operators on A-graphs. Applied 
Math. Lett. 23, no.8 (2010), 875-879. 

[10] V.A. Yurko. Inverse spectral problems for differential operators on arbitrary compact 
graphs. Journal of Inverse and Ill-Posed Proplems 18, no.3 (2010), 245-261. 

[11] V.A. Yurko. An inverse problem for higher-order differential operators on star-type graphs. 
Inverse Problems 23, no.3 (2007), 893-903. 

[12] V.A. Yurko. Inverse problems for differential of any order on trees. Matemat. Zametki 
83,no.l (2008), 139-152; English transl. in Math. Notes 83, no.l (2008), 125-137. 

[13] V.A. Marchenko. Sturm-Liouville operators and their applications. ’’Naukova Dumka”, 
Kiev, 1977; English transl., Birkhauser, 1986. 

[14] B.M. Levitan. Inverse Sturm-Liouville problems. Nauka, Moscow, 1984; English transl., 
VNU Sci.Press, Utrecht, 1987. 



10 


[15] 

[16] 

[17] 

[18] 
[19] 


[ 20 ] 


[ 21 ] 

[ 22 ] 

[23] 


[24] 

[25] 


G. Freiling and V.A. Yurko. Inverse Sturm-Lionville Problems and their Applications. 
NOVA Science Publishers, New York, 2001. 

R. Beals, P. Deift and C. Tomei. Direct and Inverse Scattering on the Line, Math. Surveys 
and Monographs, v.28. Amer. Math. Soc. Providence: RI, 1988. 

V.A. Yurko. Inverse Spectral Problems for Differential Operators and their Applications. 
Gordon and Breach, Amsterdam, 2000. 

V.A. Yurko. Method of Spectral Mappings in the Inverse Problem Theory, Inverse and 
Ill-posed Problems Series. VSP, Utrecht, 2002. 

V.A. Yurko. Inverse problem for differential equations with a singularity. Differ. Urav- 
neniya, 28, no.8 (1992), 1355-1362 (Russian); English transl. in Diff. Equations, 28 (1992), 
1100-1107. 

V.A. Yurko. On higher-order differential operators with a singularity. Matem. Sbornik, 
186, no.6 (1995), 133-160 (Russian); English transl. in Sbornik; Mathematics 186, no.6 
(1995), 901-928. 

V.A. Yurko. Inverse spectral problems for higher-order differential operators with a singu¬ 
larity. Journal of Inverse and Ill-Posed Problems, 10, no.4 (2002), 413-425. 

V.A. Yurko. Higher-order differential equations having a singularity in an interior point. 
Results in Mathematics, 42, no.1-2 (2002), 177-191. 

Yurko V.A. Recovering variable order differential operators on star-type graphs from spec¬ 
tra. Differ. Uravneniya, 49, no. 12 (2013), 1537-1548. (Russian); English transl. in Differ. 
Equations 49, no.12 (2013), 1490-1501. 

V.A. Yurko. Inverse problems on star-type graphs: differential operators of different orders 
on different edges. Gentral European J. Math. 12, no.3 (2014), 483-499. 

B.M. Levitan and I.S. Sargsyan. Introduction to Spectral Theory. AMS Transl. of Math. 
Monogr. 39, Providence, 1975. 


Name: 

Place of work: 

Present Position: 

Telephone: 

E-mail: 


Yurko, Vjacheslav 

Department of Mathematics, Saratov State University 
Astrakhanskaya 83, Saratov 410012, Russia 
Professor, Head of the Faculty of Mathematical Physics 
(8452) 275526 
yurkova@info.sgu.ru 



